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The notion of a valuated abelian group is introduced and various categorical 
properties are studied. The pre-abelian category of p-local valuated groups 
provides an absolute setting for the relative homological algebra of balanced 
sequences of abelian groups. The torsion groups of dimension one in this 
category are precisely the totally projective groups. Investigations of projectives 
in the global category results in a natural homological setting for the stacked 
bases theorem. The category of subgroups of finitely generated groups, where 
maps are those that can be extended to the containing groups, is equivalent to 
a full exact subcategory of the category of valuated groups. 
1. I~YTR~DuCTI~N 
The notion of height has played a central role in abelian group theory. Rank 
one torsion-free groups, countable p-groups, totally projective groups, KT- 
modules, and T*-modules are all characterized by notions based on height. 
In the local case, the most important property of an element x of a reduced 
group G is its height sequence: hx, hpx, hp2x,... . If G is totally projective, or a 
p-group with no elements of infinite height, then this sequence characterizes 
x up to an automorphism of G. More generally, a finite subgroup of such a G is 
characterized by its internal group structure together with the heights of its 
elements as computed in G, that is, by its structure as a valuated group. Any pair 
of groups H C G gives rise to a valuated group {H, V} where 2, is the height 
function on G restricted to H. 
The socle of a p-group, as a valuated group, has been studied intensively. 
Ulm invariants depend only on the structure of the socle as a valuated group. 
Kulikov’s criterion for a p-group to be a direct sum of cyclic groups [5; Theorem 
17.11 is a condition on the socle as a valuated group. Torsion complete groups can 
be recognized amongp-groups by the structure of their socles as valuated groups 
[I 1; Lemma 21. Other classes ofp-groups have been shown to be determined by 
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the structure of their socles [13; Cor. 41. Fuchs and Irwin [8] have shown that 
pw+l-projective p-groups are determined among themselves by the structure of 
their socles. Summable p-groups, which have received some attention [9], [lo], 
are p-groups whose socles are direct sums of cyclic valuated groups. The first 
treatment of valuated groups as separate entities was by Charles [1] for the 
p-bounded case. He showed that any p-bounded valuated group of length w 
or less was isomorphic to the socle of some abelian p-group. He also considered 
conditions that implied that a p-bounded valuated group was a direct sum of 
cyclics, and he showed that an arbitrary p-bounded valuated group could be 
embedded in a product of homogeneous ones [2]. Fuchs [7] has developed 
some of the basic properties of p-bounded valuated groups with more general 
valuations. 
Rotman [17; Theorem l] noted that a torsion-free group of finite rank is 
determined by the valuated group structure of any full-rank free subgroup. The 
notion of a valuated group is inherent in the fundamental idea of a decomposition 
set in the theory of KT-modules and T*-modules [20], [21]. This is a set of 
independent elements {xi} such that h x rixi = min(hr,x,}, that is, a basis of a 
direct sum of cyclic valuated groups. In the constructive development of 
countable p-groups [14] and KT-modules [15] valuated groups play a central 
role. Indeed, &X-modules are defined in terms of valuated groups, and groups 
with prescribed invariants are constructed as direct limits of valuated groups. 
Fuchs [6] shows that p W+n-projectives are determined among themselves by the 
valuated group structure of their pn-socles. The time has come for a systematic 
investigation of this ubiquitous notion. 
Let G be an abelian group and p a prime. The p-heightfunction on G is charac- 
terized by 
h,x = sup{h,y + 1: x = py} 
where h,x is either an ordinal number or 00. The symbol 00 satisfies co < co 
and 01 < co for any ordinal ol. If A is a subgroup of G, and vD denotes the height 
function on G restricted to A, then 
(1) U~X is an ordinal number or co 
(2) a,(~ + y) 3 min(v,x, vDy) 
(3) VBPX > v9x 
(4) v,nx = vDx if 71 is not divisible byp. 
Any function V~ on an abelian group A satisfying these four properties is called 
a p-vahation on A. It follows immediately from the characterization of h, , 
and Property 3, that vu,x 3 h,x for any p-valuation v2, . 
A valuated group is an abelian group together with a set of p-valuations ZJ~, 
one for each prime p. We say that z’,x is the p-value of x. A map between valuated 
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groups is a homomorphismfsuch that uJ(x) > vPx for each x and each primep. 
Every abelian group may be thought of as a valuated group for which vg = h, 
for each prime p. 
An embedding f: A - B of valuated groups is a one-to-one map such that 
~J(x) = ‘U*X for each x E A and prime p. If the inclusion map A C B is an 
embedding, we say that A is a valuated subgroup of B. If A is a subgroup of a 
group G, then we may valuate A so that the inclusion map is an embedding. 
Conversely we shall show (Theorem 23) that if A is any valuated group, then we 
can construct an embedding of A in a group G. Thus a valuated group A may be 
thought of as a subgroup A _C G, where A C G is equivalent to A _C H if elements 
of A have the same height in G as in H. For finitely generated groups this 
completely describes the inclusion A C G in the sense that if A C His an equiv- 
alent inclusion, then A is contained in summands of G and H which are isomor- 
phic over A (Theorem 32). 
We first study p-local valuated groups, that is, valuated groups such that 
multiplication by 2 is an automorphism for each prime 4 # p. These form a 
pre-abelian category VP so the theory developed in [16] provides a natural 
definition of Ext. We identify the elements of Ext (Theorem 6) which turn out 
to be the analogs of balanced sequences of p-groups. The injectives in VD are 
the algebraically compact groups (Theorem 9) while the projectives are free 
valuated groups (Theorem 8). A somewhat surprising result is that the torsion 
groups of projective dimension one in VP are exactly the totally projective groups 
(Theorem 13). 
The global case is mainly handled by localizing. The category 9’” of valuated 
groups is pre-abelian, a sequence being in ExtY if and only if its p-localization is 
in ExtyP for each prime p. The injectives are the algebraically compact groups, 
while the projectives are sums of subgroups of infinite cyclic groups. The 
characterization of the projectives is intimately related to the stacked bases 
theorem [4] which is used in the proof. 
2. LOCAL VALUATED GROUPS 
Fix a prime p and consider the category Vfl of p-local valuated groups. If 
A E VQ, then h,x = co, and hence vu,x = co, fol each x E A and prime q # p. 
So we need only concern ourselves with h, and v, which we shall denote by h 
and v. We say that A E V- is a group if v = h. We can, and will, consider an 
element of VP as a module over 2, , the integers localized at p. If A C B are in 
VP we say that A is nice in B if each coset of A contains an element of maximum 
value. 
THEOREM 1. There is a functor T: VP + VT and a natural transformation 
A C TA such that 
481/56/r-1 I 
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(1) TA is agroup 
(2) A Z TA is a nice embedding 
(3) TA/A is a totally projective p-group. 
Proof. Let F be the free Z,-module on the strings 
(a 1 1 =i ,..‘I %L 3 4 
where 
xEAandx +=O 
oli is an ordinal or CO 
011 < a2 < “. < an < vx 
cu,=coifvx=co. 
Set TA = (F @ A)/K where K is generated by those elements in F @ A of the 
form 
and 
PC% 4 - x. 
Let U be a set of representatives in 2, of the elements of Z,/pZ, such that 0 E li. 
Then every element of TA has a representative in F @ A whose coordinates in 
F are in c. This representation is unique because every nonzero element of K 
has a nonzero coordinate in F that is divisible byp, while the difference of distinct 
elements of U is not divisible by p. Call this the canonical representative of an 
element of TA. Now define ?zt for 5 E TA as follows. If the canonical represen- 
tative of < is x E A, we define h[ = zjx. If the canonical representative of 5 is 
U(oll I..., %I 1 x) with u E U, we define ht = cyr . Finally if e is a sum of such 
things we define h to be the minimum of h on the separate terms. It is immediate 
that h satisfies the characterizing condition for the p-height function. 
Since fi is the height function on TA, and hx = vx for x E A, we have shown 
that A is embedded in TA. If [E TA, then the projection of the canonical 
representative of [ on F represents an element of maximum height in the coset 
5 + A. That TA/A is totally projective follows immediately from the presentation 
of TA, since TA/A is clearly a simply presentedp-group. 
If f: A -+ B is a map in VD , set 
.f*(% ,.a., %I , 4 = (a1 ,.*., % ,f$ if vfx#cc 
z.Tz 0 if fx=O 
=-= co,..., 00, fx) ( otherwise, 
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and let f *x = fx for x E A. It is readily seen that f * defines a homomorphism 
from TA to TB, and that if we define Tjto be this homomorphism, T becomes a 
functor. 
Theorem 1 may be thought of as a generalization of the “crude existence 
theorem” of Rotman and Yen [18; Theorem 21 which provides a group TA in 
case A is infinite cyclic. Over an uncountable discrete valuation ring, the con- 
struction must be modified a bit if we wish to keep the cardinalities of generating 
sets down to a minimum. 
If A is ap-local group, then the set of valuations on A is partially ordered by 
setting v ,< w if zx < wx for each x E A. It is easily verified that the function 
that assigns co to each element of A is the largest valuation and that the pointwise 
infimum of any set of valuations is a valuation. Hence there is always a least 
valuation that dominates a given ordinal valued function. It will be useful to 
have a more concrete description of this valuation. First we fix some notation. 
If A is a valuated group, then 
paA4 = {xEil:h,x >, a> 
i2(p”) = {x E A: v,x > a} 
When the prime? is not in doubt we write A(a) for A( pi). 
LEMMA 2. Let A be a p-local group and suppose h, is an ordinal OY a3 for each 
a E A. Then the smallest valuation v on A such that va > h, fog each a E A is given 
inductively by 
A(” + 1) = p(A(a)) + /x r,,a : A,, > E + 1 and Y, E Z,,/ 
s3(/3) = n 4((u) if /3 is a limit 
ai0 
vx = sup{fX : X E ;4(01)) 
Proof. Certainly vx is an ordinal or co. Note that the supremum in the 
definition of z, is realized. If x E A(cr) and y E A(@), then x + y E ,a(,) where 
y = min(cu, /3). Thus V(X + y) 3 min(vx, vy). If x E A(a) then px E A(a + 1) 
so vpx > vx. The A(ol) are modules over 2, so vnx = vx if n is not divisible by 
p. Finally suppose w is a valuation such that wa 3 A, for each a E A. We want 
to show that wx > vx for each x E A. We show, by induction on 16, that if 
x E A@) then wx > /3. If /3 is a limit this is clear. Suppose /3 = 01 + 1. Then 
x = pa’ + C r,a where a’ E A(a) and A0 > 01 + 1. Hence wx 3 min(wu’ + 1, 
a+l)=afl. 
The category VD is obviously additive. In fact it is pre-abelian, that is, every 
map has a kernel and a cokernel. 
THEOREM 3. The category Y$ is pre-abelian. If f: A --f B is a map in 9$ , 
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then the kernel off in YD is the group kernel off equipped with the induced valuation 
from A. The cokernel off in VP is the group cokernel K with the smallest valuation v 
such that vx > sup{vb: x = $b} where 4 is the natural map of B onto K. 
Proof. If g is a map into A such that fg = 0, then g factors uniquely through 
the group kernel off, and this factorization is in ^y, since the kernel off has the 
valuation induced from A. To see that the cokernel off is as described, observe 
that + E YYD if we valuate K as stated. Suppose g: B + C is in VP and gf = 0. 
Then g = X+ for a unique homomorphism X: K -+ C. We must show that 
X E Y’, . But wx = v/\x defines a valuation w on K such that wx = vhx = 
v/\$b = zgb > vb whenever x := 46. So zlXx = wx > vx which says that 
AEV;. 
Xote that the cokernel valuation on K is the least valuation for which the map 
+ is in “L; . 
If A is nice in B, then the valuation on the cokernel K = B/A is easily 
described. In this case the function 
v(x + A) = max{v(x + a): a E A} 
defines a valuation on K and so is the cokernel valuation. Thus an alternative 
description of nice is that every element of B/A has a representative in B of the 
same value. 
The category VP is not abelian. If A and B are cyclic groups of order p whose 
generators have values 0 and 1 respectively, then the map from A to B that 
takes one generator to the other has zero kernel and zero cokernel but is not an 
isomorphism in “y^, . 
3. EXT IN d ;, 
We follow the theory of Ext in pre-abelian categories developed in [16]. 
A map f: A + B is said to be a semi-stable kernel if for any pushout diagram 
the map f’ is a kernel. Dually f is a semi-stable cokernel if for any pullback 
diagram 
AfB 
4 4 
I I A’ _‘L, B’ 
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the map f’ is a cokernel. A sequence A -+f B -+ C is exact if f = ker g and 
g = coker f. An exact sequence is stable if f is a semi-stable kernel and g is a 
semi-stable cokernel. In this case we say that f is a stable kernel and g is a stable 
cokernel. The stable exact sequences constitute Ext(C, A). Although part three 
of [16; Theorem 43 is false, Cooper [23] h as shown that a sequence E is stable 
if and only if or = (olE)/3 for all 01 and /?, which is all that is needed in the rest 
of [16]. 
We have seen that the kernels in VP are simply the embeddings. So the semi- 
stable kernels are those subgroups A _C B such that every pushout is an 
embedding. One way this happens is when A is nice in B. Note that if A _C B and 
01: A ---f A’, then the pushout diagram 
A C B 
may be constructed by setting B’ = (A’ @ B)/K where K = {(ola, -a): a E A) 
and B’ has the cokernel valuation. 
LEMMA 4. Let A c B be a nice embedding, and let 01: A + A’. Then the 
pushout kernel K = {( Lya, -a): a E A} is nice in A’ @ B. Hence any pushout of 
A C B is an embedding. 
Proof. Let (a’, b) be an element of A’ @ B. We wish to find an element of 
maximum value in (a’, b) + K. Since A is nice in B we may assume that b has 
maximum value in b + A. Let x = (a’ + aa, b - a) be an arbitrary element of 
(a’, b) + K. We shall show that w(a’, b) > ZIX = min(v(a’ + aa), v(b - a)). 
If vb < zla’, then v(a’, b) = vb > u(b - a) 2 vx and we are done. Otherwise 
vb > va’ so v(a’, b) = wa’ and either v(a’ + aa) < ua’, in which case ax < va’, or 
ma = va’, in which case va < wola = va’ < vb so v(b - a) = vu < ~a’, 
whence ZIX < v(b - a) < va’. 
In particular, since a’ has maximum value in a’ + K, the map A’ + 
(A’ @ B)/K is an embedding. 
Semi-stable cokernels are characterized by a notion that is slightly weaker 
than nice. We call an onto map +: B -+ C semi-nice if whenever c E C and 
01 < vc, then there is a b E B such that $b = c and ab > 01. In particular, if vc 
is a nonlimit or co, then we can choose b so that vb = vc. Note that if+: B + C 
is semi-nice, then 4 is a cokernel. Another way to describe semi-nice is as follows. 
Let RB denote a rank-one free Z,-module with generator x, such that appnx, = 
p + n. Then 4: B -+ C is semi-nice if and only if every map of R, into C can be 
lifted to B for j3 equal to 0, co, or OL + 1. 
LEMMA 5. A cokernel is semi-stable if and only ij it is semi-nice. 
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Proof. Suppose $: B + C is semi-nice. Consider the pullback diagram 
B’ m’-, C’ 
We shall show that 4’ is semi-nice, and hence a cokernel. Let 0: R, -+ C’ where 
j3 is 0, co, or a+ 1. Then X0 = $6 for some 6: R, + B. Since B’ is a pullback 
there is a map p: R, ---f B’ such that $‘p = B (and pp = E) which shows that 6’ 
is semi-nice. Now suppose 4 is a semi-stable cokernel, c E C and OL < z’c = fi. 
Map R, to C taking x, to c and consider the pullback diagram 
Since 4’ is a cokernel it is easily seen that /3 = EJ.Q = sup{og: x, = +‘g} for if we 
revalue R, by setting ZI;‘X~ equal to sup{vg: xa = $‘g> and v&c0 = CO, then 4’ 
is still in 9; . Thus vg > (Y for some g E G such that +‘g = x, . Then b = pg 
is the element of B required to show that I$ is semi-nice. 
THEOREM 6. The inclusion A C B is a stable kernel if and only if it is a nice 
embedding. 
Proof. The “if” follows from Lemmas 4 and 5. Suppose A C B is a stable 
kernel. Then A C B is an embedding and, by Lemma 5, semi-nice. We must 
prove that it is nice. Suppose v(b + A) = /3 and we wish to find an element in 
b + A of value /3. Map R, to B/A taking x, to b + A and consider the pullback 
,4-G-R, 
A-B-----t B/A 
The sequence A + G -+ R, is stable by [16; Theorems 4 and 51. We will be 
done if we can find an element in G of value /I that maps onto x, . 
Let g E G map onto x, and let G’ be G with the smallest valuation V’ such that 
v’a > va and 
v’(g -t a) 3 v(g + a) for each a E A. 
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Then-the sequence A + G’ -+ R, is exact and we have the diagram 
A - G ----+RO 
Then the five-lemma [16; Theorem 61 says that G and G’ are isomorphic, so 
v = v’. Since G -+ Re is a semi-stable cokernel, it is semi-nice by Lemma 5, 
so there is a gs+l E G@ + 1) that goes onto px. Then pg - gB+l E A but, since 
v = v’ and v(g + a) < p for a E A, we have 
W’ + 1) = PG(P) + ~4(/3 + 1) 
by Lemma 2. So there is a gB E G(p) and ua+i E A(P f 1) such that gs+i = 
PA% + %3+1* Hence pg - pg, E A so, since RB is torsion-free, we have g, E g + 9 
as desired. 
Theorem 6 identifies the stable exact sequences. Lemma 5 identifies the semi- 
stable cokernels. It is natural, if not necessary, to inquire about the semi-stable 
kernels. The following theorem shows that semi-stable kernels are stable if the 
cokernel is torsion. 
THEOREM 7. If A C B is a semi-stable kernel, then every coset of jinite or&r 
in B/A contains an element of maximum value. 
Proof. Consider a coset b + A such thatp”b E A. Let H = Z,e @ A where e 
has infinite order and the valuation on H is the least valuation v such that 
A _C His an embedding and v(e + a) = v(b + a) for each a E A. Such a valuation 
exists because the map 4: H + B given by C(re + a) = rb + a defines a valuation 
w = v$ on H such that A is embedded and w(e + a) = v(b + a) for each a E 4. 
Let p = sup{v(b + a): a E A}. Consider the pushout 
d - B 
1 1 
H --+G 
The inclusion H -+ G is an embedding because A 2 B is a semi-stable kernel. 
Ifg~Gisrepresentedbye-binH~B,thenvg~v(e+a-(b+a))= 
v(b + a) so vg 3 p. Thus vp”g >, fi + n and prig = pne - pnb E H since pnb E A. 
For m > 0 we have 
H(P + 4 = pH(p + m - 1) + A(B + m) 
by Lemma 2, since v(b + a) < B for a E A. So H(fi + n) CpnH(& + A whence 
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pne - p”b ~pnH(p) + A so e + a E H@) for some a E A. Thus a(b + u) = 
v(e + a) = p as desired. 
The converse of Theorem 7 is false. Consider the exact sequence 
where $J(xJ = x, and $(xW+,) = px, . Th en + is semi-nice and so is a semi-stable 
cokernel. However the sequence is not stable, even though R, is torsion-free, 
because if we revalue x,+i so that ZLY~+~ = w, then + is still a cokernel and K is 
still embedded, which would contradict the five-lemma [16; Theorem 61 if the 
sequence were stable. 
On the other hand a semi-stable kernel need not be nice. Suppose A is a pure 
subgroup of a torsion-free group B. Consider the double pushout 
A - A’ - TA’ 
In 1 1 
B ---+X-----+Y 
where TA’ is the group constructed from A’ by Theorem 1. Then Y is a group 
so TA’ --f k’ is an embedding since Y/TA’ m B/A is torsion-free. Since 
A’ -+ TA’ is also an embedding we have A’ -+ X is an embedding so A C B is 
a semi-stable kernel. Stanton [24] h as a pretty characterization of semi-stable 
kernels that (necessarily) includes this example and Theorem 7. 
4. PROJECTIVES AND INJECTIVES IN -Y, 
A rank-one p-local free valuated group is an infinite cyclic Z,-module with 
generator x such that vpnx = vx + n for each positive integer n. A p-local free 
valuated group is a direct sum of rank-one free p-local valuated groups. These 
objects can be thought of as the images of the adjoint of the forgetful functor from 
VP to “valuated sets”, that is, sets with ordinals and CO’S assigned to their 
elements. 
THEOREM 8. The projectives in VZ are the p-local free valuated groups. There 
are enough. 
Proof. It is clear that rank-one frees, and hence frees, are projective. To prove 
the converse we note that every object A E VP has a natural free resolution. For 
a E A we let R, be a rank-one free with generator x, such that vx, = vu. Then 
we have the nice map 4: C R, --f A defined by +(xJ = a. So to complete 
the proof it suffices to show that a summand of a free is free. But since the 
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endomorphism ring of a rank-one free is the local ring 2,) this follows from the 
Azumaya theorem [19; Theorem 41. 
THEOREM 9. The injectives in 9rp are the algebraically compact groups. 
Proof. Suppose A is an algebraically compact group, B E 9; , and A _C B 
is a nice embedding. Then A C TB is a nice embedding, so A is a summand of 
TB and hence a summand of B. Thus A is injective in Vs . Conversely suppose A 
is injective in Vs . Then A is a summand of TA and hence A is a group. If G is a 
group with no elements of infinite height, then A is nicely embedded in any 
pure extension of A by G so Pext(G, A) = 0. If H is a suitable free group 
(direct sum of finite cyclics) and G is the (torsion) completion of H, then H C G 
is pure, j A IIHl < 21GI, and G/H is a direct sum of 1 G j copies of a given rank-one 
divisible group D. Then 
Hom(H, A) -+ Pext(G/H, A) + Pext(G, A) = 0 
is exact so that Pext(D, A) = 0 lest Pext(G/H, i4) have greater cardinality than 
Hom(H, A). Thus A is algebraically compact. 
5. NICE COMPOSITION SERIES 
We turn now to the question of identifying the valuated p-groups of projective 
dimension one in VQ . The key is an idea which grew out of investigations of 
totally projective groups. We say that a valuated p-group A has a nice composition 
series if it admits a well ordered ascending chain of nice subgroups N, such that 
(1) N,==O 
(2) u N,, = A 
(3) I NA,, : NA I = P 
(4) NA = UacA N, for ;\ a limit. 
A p-group has a nice composition series if and only if it is totally projective 
[5; Theorem 82.31. Since every countable valuated p-group has a nice composi- 
tion series, we can replace condition 3 by 1 N,,, : NA 1 < 8, . We will need the 
following lemma about projective dimension in VP which is proved in Northcott 
[12; Lemma 2, p. 1391 in the category of modules. To adapt the proof there to 
VI it suffices to observe that we have canonical free resolutions in ^tT, and to 
recall that the 3 x 3 lemma holds in arbitrary pre-abelian categories [16; 
Theorem 1 I]. 
LEMMA 10. Let {iF&) and (Ni} be two families of nice valuated subgroups of 
A E V, with the same index set I. Suppose I is well ordered and 
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(1) N,Cikf~foreveryiEI 
(2) MiiNj ;fi <j 
(3) IfxENjandx#O, thenxEMiforsomei<j 
(4) proj. dim, n/r,/N, < n for all i E Z 
(5) A = u Ni 
Then proj. dim. A < n. 
COROLLARY 11. If A E YD has a nice composition series, then A has projective 
dimension at most one. 
Proof. Let (Ni} be a nice composition series for A, let M$ = N,,, , note 
that p-bounded cyclic valuated groups have projective dimension one, and apply 
Lemma 10. 
LEMMA 12. Let KC F be an embedding with K and F free in “y, and F/K 
torsion. Then K is nice in F and F/K has a nice composition series. 
Proof. Let X be a basis for K. Note that any x EF can be written uniquely 
as 2 = C Y,X where x E X and rz EQ. We want an element of maximum value 
in z + K. By subtracting off those r,x such that r, E 2, we may assume that 
r, $2, if rr # 0. We shall show that such a z has maximum value in z + K. 
Choose n so that p% E K. Then 
vz f n = vp% = min{vpnr& x E x) 
If k = C s,x E K, then 
v(z + k) + n = vp”(z + k) = min(vpn(ro + s&c: x E x> 
which does not exceed vx + n because vpn(rz + s,)x = vpny,x if rr # 0. So 
v(z + k) < nz as required. 
Let Y be a basis of F. Call a subset S C Y closed if whenever C Y,X E S, where 
rz E Q, then {x: rz # 0) is contained in the submodule Fs generated by S. Note 
that S is closed if and only if F, n K is generated by F, n X. If S is closed and L 
is generated by WF, n X, then K = (Fs n K) @L so Fs + K = Fs @L the 
latter sum being direct since (Fs n K) @L is direct, Fs/(Fs n K) is torsion, and 
vp% =vz+n for .z:F. Th us Fs + K is free and therefore nice. Since 
arbitrary unions and intersections of closed sets are closed, and the closure of a 
countable set is countable, we can construct a well ordered sequence of closed 
sets (S,} such that 
(1) s, = ia 
(2) u s, = Y 
(3) S,+,\S, is countable 
(4) S, = Ua<s S, if p is a limit. 
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Then F, + K, where S ranges over the S, , represents a nice series in F/K with 
countable quotients that can be refined to a nice composition series in F/K. 
THEOREM 13. A nonzero valuated p-group has projective dimension one in V’i 
a7 and only if it has a nice composition series. 
Proof. Follows immediately from Corollary 11, Lemma 12, and Theorem 8. 
In the setting VP the word “nice” in “nice composition series” is somewhat 
redundant. A composition series for an object A in “tT, would naturally consist 
of valuated subgroups N,, of A such that N* _C N,,, is nice. It is readily verified 
that this implies that the N,, are all nice in .4. Note that only the fact that 
NA C N,.:., was nice was used in the proof of Corollary 11. 
The problem of computing projective dimension in ^y^, may be reduced to 
that of computing the projective dimension of groups in Y a . 
THEOREM 14. If A E ,Ya has projective dimension n 2 1 (possibly infinite), 
then the group T,4 constructed in Theorem 1 has projective dimension n. 
Proof. From [16] we know that the theory of Ext” applies intact to VP. 
Since A + TA --f TA/A is a stable exact sequence, and the projective dimension 
of TA/A is one by Theorems 1 and 13, the result follows. 
Computing projective dimension of p-groups in VP is equivalent to computing 
projective dimension in the category of p-groups relative to the class of balanced 
sequences [5; Section 801. 
THEOREM 15. Let A be a p-group. Then the projective dimension of A in VD 
does not exceed n if and only ;f the projective dimension of A in the category of 
p-groups, relative to balanced sequences, does not exceed n - 1. 
Proof. By Theorems 8 and 13 and [5; Theorem 81.91 this is true for n = 0 
and n = 1. For n > 1 we can find a balanced sequence 0 -+ K-+ P-+A+ 0 with 
P totally projective [5; Lemma 81.81. But this sequence is stable exact in “tT, , 
and P has dimension 1 in VD and dimension 0 as a p-group relative to balanced 
sequences. So A has dimension not exceeding n in %$ if and only if K has 
dimension not exceeding n - 1 in ‘VP . By induction on n this is equivalent to K 
having dimension not exceeding n - 2 as a p-group relative to balanced 
sequences. But this happens exactly when the dimension of A does not exceed 
n - 1 relative to balanced sequences. 
What can these dimensions be ? We have already seen examples of dimensions 
0 and 1. If G is a p-group with no elements of infinite height that is not a direct 
sum of cyclics, then G can be written as H/K where H and K are direct sums of 
cyclics and KC His pure and nice. Hence the projective dimension of such a G is 
exactly 2. The following theorem shows how cardinality is related to dimension. 
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THEOREM 16. If A E Yp is torsion, and the cardinality of A does not exceed 
N, , then the projective dimension of A does not exceed n + 1. 
Proof. The theorem is true for n = 0 by Theorem 13 since every countable 
valuated p-group has a nice composition series consisting of finite subgroups. 
For any valuated subgroup S C A let Fs be the free p-local group on S subject 
to the relations #P(s) = 0 if pns = 0. Valuate Fs by setting aC n,(si) = 
min{anzi}. Then F, has dimension one and the natural map Fs -+ S taking (s) 
to s is clearly nice. Denote its kernel by KS . Note that F, is a summand of F,., 
and that Ks is a nice valuated subgroup of Fs and therefore also of FA and KA . 
If the cardinality of A does not exceed N, , we can find a chain of valuated sub- 
groups S of A, of cardinalities less than X, , indexed by the ordinals less than 
X~ so that S, = &.+ S,,, . Then the quotients Ks,+,/K, are of cardinality 
N,-, or less so, by induction, of dimension n or less. By Lemma 10 the dimension 
of KA is then at most n, whence the dimension of A is at most n + 1. 
Is every valuated p-group of dimension 2 or less? By Theorems 14 and 15 
this is equivalent to asking whether every balanced subgroup of a totally pro- 
jective group is totally projective. We shall construct an example of a p-bounded 
valuated group of dimension 3 and so prove the existence of a balanced subgroup 
of a totally projective group that is not totally projective. This contradicts 
[7; Theorem 33 which says that a p-bounded valuated group has dimension 2 or 
less. The problem appears to be in the proof of [7; Theorem 71. We begin with 
a well known argument concerning the completeness of a direct sum of countables. 
By a valuated vector space we mean a p-bounded valuated group. A valuated 
vector space is free if it is a direct sum of cyclics. 
LEMMA 17. Let X be a limit ordinal not cojinal with w. If V is a reduced valuated 
vector space of length h, and F C V is free, then F = r),<,,(F + V(a)). 
Proof. Suppose x0 E F + V(a) f or all 01 < A. Define x, inductively by 
x*-1 = fn-1 -t x, 
where fndl E F, vx, > ~x,-i and ox, > the value of any nonzero coordinate of 
fnBl . Choose x, such that 
where fw E F and VX, > vx, for all n. Suppose fu has precisely m nonzero 
coordinates. Then 
fu = x0 - x, =fo+fi+ ‘..+fm4+Xm--Xw. 
If X, # 0, then X, # 0 for 0 < PZ < m since vx, > vx,-r . Hence each fn 
contributes a nonzero coordinate to f. , so x, - x, = 0. But vx, > vx, , 
a contradiction. So x, = Owhencex, =fo+fi+ ...+f,,-l~F. 
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LEMMA 18. Let I be a valuated vector space of limit length h not co&al with w. 
Let J be a proper subspace such that J + I(U) = Ifor all a < A. Let F = Ciet Z(i) 
be the free vector space on I with v(i) = vi. Let K be the kernel of the natural map 
F-t I that takes (i) to i. Let FJ = CisJ Z(j) and KJ = K n FJ . Then K/K, is 
not free. 
Proof. Note that Fr,, = xiGliJ Z(i) has length X. The projection F---f F,,, 
induces a manic map K/K, --f Fr,, . We shall show that this is an embedding. 
If x E K, then x = CjaJ q(j) + L,p o n.(i) where x njj + C nii = 0. So if 
y = (C nij> + C q(i), then y E x + KJ . Since every element of K has at 
least two coordinates of minimum value, vC n<(i) = zy < v(x + KJ) < 
v C r&i) so the map K/k; + Fr,, preserves values. 
But for (Y < X we have im(K/KJ) + F,,,(z) = F,,, since (i) = (i) - (i +j) + 
<i + j} and (i> - (i + j) E im(K/K,) and we can choosej so that v(i + j) > 01. 
Moreover (ii $ im(K/K,) if i $ J. Thus im(K/lir,) # F,,, = &,(im(K/K,) + 
F,,,(a)) whence, by Lemma 17, im(K/K,) and hence K/K, is not free. 
THEOREM 19. There is a nice subspace of a free valuated vector space that is 
not free. 
Proof. To keep the cardinals reasonably sized we shall assume the continuum 
hypothesis although this can clearly be avoided by going out far enough. Let X 
be the first uncountable ordinal and I = l-Iti<,,(xE) where (x,) is a one-dimen- 
sional vector space with generator x, of value 01. Let J = {i E I: i has no more 
than countably many nonzero coordinates}. Then card I = 2a1 and card J = 
X:o=~,.AlsoitisclearthatJ+I(ol)=Iforol<~.LetO~K-tF~I~O 
be the resolution of I of Lemma 18. It is easily verified that K is nice in F. 
Suppose K = Ct Z(k,) is free. We shall enlarge J, keeping card J = N, , 
so that KJ is a summand of K. Let Jo = J and let Jn,.l be the subgroup of I 
generated by 
{i E I : some element of KJn has a nonzero tth coordinate in K 
and k, has a nonzero ith coordinate in F}. 
Then u Jn is the desired enlargement. By Lemma 18, K/IT, is not free. But this 
is absurd if KJ is a summand of the free space K. 
The p-bounded valuated group I in the proof of Theorem 19 is the desired 
valuated group of dimension 3. Indeed, since its cardinality is ~a (given the 
generalized continuum hypothesis) its dimension is at most 3 by Theorem 16, 
whereas if its dimension were 2 or less, then the dimension of K would be 1 and 
so K would be free, since a vector space with a nice composition series is free. 
If we take a balanced resolution of TI with a direct sum of countable p-groups, 
we get a balanced subgroup of a direct sum of countables that is not a direct sum 
of countables. 
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6. LOCALIZATIOE 
The localizing functors V + 9; play a central role in the study of the category 
-t” of (global) valuated groups. If A E -t/ and p is a prime, then -4, = -4 @ 2, 
is a p-local group which is valuated by setting 
v(a 8 Y) = Vg?.YU 
where n is any positive integer prime top such that nr E 2. Since a @ r = a’ @ Y’ 
if and only if mnn’ra = mnn’r’a’ for some m prime to p, in which case ;u,nra = 
v,mnn’ru = v,mnn’r’a’ = v&/a’, this definition makes sense and zj is easily 
seen to be a valuation. Note that v is the unique valuation on A, for which the 
map A -+ A, preserves p-values. If f: A + B is a map in Y, then the induced 
map f, = f @ 1 from A, to B, is in VD and we have the commutative diagram 
It is readily verified that we have defined in this way an additive functor from V 
to q, . 
THEOREM 20. Let f be a map in Y. Then f is a kernel (cokerneE) ;f and only if 
f, is a kernel (cokernel) for all p. 
Proof. Since A = 0 if and only if A, = 0 for all p, and localization is an 
exact functor on abelian groups, then f is manic (epic) if and only if f, is manic 
(epic) for all p. Suppose f is manic. Since A + A, preserves p-values, f preserves 
p-values if and only if f, preserves values. So f is a kernel if and only if f, is a 
kernel for all p. Suppose f : A -+ B is epic. Then vD is minimal on B such that 
f E V if and only if u is minimal on B, such that f, E “y, . So f is a cokernel if 
and only if& is a cokernel for allp. 
COROLLARY 21. The sequence A + B + C is exact in f if and only if the 
sequence A, -+ B, --f C, is exact in VP for all p. If the diagram 
A-B 
I 1 
c -+D 
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is a pushout (pullback) then so is the diagram 
P y-3 B, 
4 1 
C, v-3 D, 
Proof. The first claim is true for abelian groups, so it is true in V by 
Theorem 20. The second claim follows from Theorem 20 because pushouts and 
pullbacks can be described in terms of cokernels and kernels. 
COROLLARY 22. A sequence A + B -+ C in V is stable exact if and only ;f 
A, -+ B, --f C, is stable exact in 9% for each p. This occurs if and only if A 2 B 
is an embedding and, for each b E B, the set (nb + a: a E A and (p, n) = l} contains 
an element of maximum p-value. 
Proof. The first part follows immediately from Corollary 21 and the definition 
of stable sequence. The second part then follows from Theorem 6 (recall that 
the map A + A, preserves p-values). 
This characterization of stable exact sequences in 9” provides us with a 
natural way to extend the definition of “nice” to the global case. We shall say 
that A C B is nice if the map B, + (B/A), is nice for each prime p. 
We can embed an object of V in a group by putting together the local con- 
structions. 
THEOREM 23. There is a functor T: Y + V and a natural transformation 
A C TA such that 
(1) TA is a group 
(2) A C TA is a nice embedding 
(3) TA/A is a totally projective torsion group. 
Proof. Let T, denote the functor of Theorem 1. Let P = IIlT,A, and note 
that A ---f A, -+ T,A, induces a one-to-one map of A in P which we shall 
consider to be an inclusion. Then P, = T,A, @ D where D = (nqfl) T,A,), 
is torsion free divisible. Let TA C P be the subgroup of P corresponding to the 
torsion subgroup of P/A. Then (TA), is the subgroup of P, corresponding to the 
torsion subgroup of PJA, . Since D is torsion free divisible, (TA), may be 
identified with T,A, so A, _C (TA), is a nice embedding for each p, whence 
A _C TA is a nice embedding. Also (TA/A), = (TA),/A, = (T,A,)/A, is a 
totally projective torsion group for each p. Hence TA/A is a totally projective 
torsion group. Clearly TA is a group and we are done. 
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7. GLOBAL PROJECTIVES AND INJECTIVES 
By a free valuated group we mean a direct sum of infinite cyclic valuated groups 
such that zl,px = v,,x + 1 for each x and p. A rank-one free valuated group 
is thus determined by the sequence QX, vsx, VEX,... where x is a generator. The 
free valuated groups are readily seen to be the images of the adjoint of the 
forgetful functor from V to the category of valuated sets, that is, sets in which 
each element is assigned an ordinal or co for each prime p. We say that a group F 
is of jinite type if for each nonzero element x in F we have v9x = 0 for all but 
finitely many primes p. If, in addition, v,x is finite for all p, we say that F is of 
type zero. We shall show that the type zero free valuated groups are precisely the 
projectives in V. 
The fact that summands of type zero free valuated groups are free is intimately 
related to the stacked bases theorem [4] which says that if F is a free group, and 
F/K is a direct sum of cyclic groups, then F and K have stacked bases in the 
sense that F has a basis {xi] so that {nix3 is a basis of K. This relation is a con- 
sequence of the following two lemmas. 
LEMMA 24. Let Ai be a family of subgroups of the free group F such that the 
sum 2 Ai is direct in 9”. If B, is the purification of A, in F, then 2 Bi is pure in F. 
Proof. Suppose nx EC Bi . Then, for some m we have mnx = C ai where 
ai E Ai . Since min(v,aJ = v9(C ai) = vPmnx > v,mn, we can write ai = mnb, 
withb,EBi.Hencemnx=mnzbisox =Cb,ECBi. 
LEMMA 25. Let F be a free group and K a subgroup of F such that F/K is 
torsion. Then K is a free (type zero) valuated group, under the valuation induced by 
F, if and only if F and K have stacked bases. 
Proof. The “if” is clear. For the “only if” let {yi} be a basis for K as a free 
valuated group. Letting -4, be the subgroup generated by yi we have the hypo- 
thesis of Lemma 24 satisfied, so C Bi is pure in F where Bi is the purification of 
Ai . Since F/K is torsion, so is F/C Bi so F = C Bi , If xi generates B, , then the 
bases {xi} and (y,} are stacked. 
To see how the stacked bases theorem follows if we know that summands 
of type zero frees are free, suppose F is free and F/K is a direct sum of cyclics, 
which we might as well take to be torsion. By putting the induced valuation on K 
we have a stable sequence K--f F - F/K in V”. Since F/K is a direct sum of 
cyclics we can construct a stable sequence K’ ---f F’ --f F/K where F’ is free and K’ 
is free valuated. Hence, by Schanuel’s trick, K is a summand of the free valuated 
group K’ OF. Thus if type zero free valuated groups are closed under sum- 
mands, then K is a free valuated group and so, by Lemma 25, we can find 
stacked bases for F and K. 
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We shall now show how to use the stacked bases theorem to prove that sum- 
mands of type zero frees are free. 
THEOREM 26. Let K = A, @ A, be a type zero free valuatedgroup where the 
sum is direct in 9’“. Then A, is a type zero free valuatedgroup. 
Proof. Embed K in a free group F so that F/K is a direct sum of finite cyclic 
groups. Let Bi be the purification of Ai in F. Then Bl @ B, is pure in F by 
Lemma 24, so B, @ B, = F since F/K is torsion, Thus F/K = B,/A, @ B,IA, 
so BJA, is a direct sum of finite cyclic groups. But B, is a free group, so A, and 
B, have stacked bases whence A, is a type zero free valuated group by Lemma 25. 
By a slight generalization of Charles’ theorem on semi-rigid systems of abelian 
groups, the proof remaining essentially the same as in [l ; Theorem 2.131, we 
can conclude from Theorem 26 that the class of finite type free valuated groups 
is also closed under summands. Stanton [25] and Arnold, Hunter and Richman 
[22] have recently given proofs that the class of free valuated groups is closed 
under summands, thus providing a new proof of the stacked bases theorem in its 
proper setting. 
THEOREM 27. If G isprojective in V, then G is a type zero free valuatedgroup. 
Proof. We can certainly map a finite type free valuated group nicely onto G, 
so G is a summand of a finite type free valuated group, whence G is a finite type 
free valuated group by the remarks preceding the theorem. It will suffice, 
therefore, to assume G is a cyclic type zero free valuated group, and to show that 
vpx < w for each prime p and nonzero x in G. Let Gp be G except we set vDx 
equal to the finite part of ZI,X for each x E G. Then we can map GD @ G( pw) onto 
G by the identity on CD and multiplication by some prime 4 + p on G( pU). This 
map is clearly nice, so it splits, whence (GP @ G(p”))(pw) = G(pU) maps 
onto G(p”), whereas it in fact maps onto qG( p”). Thus G(pw) == 0 since G is 
q-reduced. Since this is true for each primep we have the desired result. 
THEOREM 28. If G is a type zero free valuatedgroup, then G is projective in V. 
Proof. It suffices to show that nZ is projective, where nzinherits its valuation 
as a subgroup of Z. We can reduce this to the case where n is a prime power by 
showing that aZ @ bZ is isomorphic to Z @ abZ if a and b are relatively prime. 
Indeed we can map 2 @ abZ to aZ @ 62 by taking (1, 0) to (sa, -tb), where 
su + tb = 1, and (0, ab) to (ab, ab). It is readily seen that this is a value pre- 
serving isomorphism. Now suppose 4 maps H nicely onto pnZ. We must find 
an element z in N such that 4(z) = p” and v9z = n. Choose x so that 4(x) = pn 
and choose y by Corollary 22 so that 4(y) = ap” where zj*y = n and (p, u) = 1. 
Let sa + tp” = 1 and set x = sy + tp%. Then vDz > n and 4(z) = sup% + 
tpnpn = p”. 
481/56/r-12 
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THEOREM 29. The injectives in V are the algebraicaEly compact groups. 
Proof. Essentially the same as the proof of Theorem 9. 
8. SC’BGROUPS OF FINITELY GENERATED GROUPS 
Valuated groups provide the natural setting for investigating the structure of 
pairs A c B of finitely generated groups. Given such a pair we can consider the 
finitely generated group A equipped with the valuation induced by B. We shall 
show that this valuated group captures the essence of the inclusion A C B. 
First we characterize those valuated groups that can arise in this way. 
THEOREM 30. Let A be a valuated group. Then there is an embedding of A in 
a finitely generated group rf and only tf 
(1) A is finitely generated 
(2) A, has no elements of infinite p-value for each p 
(3) nA is a free valuatedgroup for some nonzero n. 
Proof. That the first two conditions are necessary is clear. To see the necessity 
of the third, suppose A C B where B is a finitely generated group. Then nA is 
contained in the free part of B for some nonzero n so, by the easy stacked bases 
theorem (that is, for finite rank frees), nA is a free valuated group. Conversely, 
suppose A satisfies the three conditions. Embed A in the group TA. Note that 
(TA), has no elements of infinite p-value. Inside TA we can find a finite rank 
pure free group F containing nA. Consider the finitely generated valuated group 
B = F + A. Clearly B = F @ tB as a group. Moreover the values must work 
right since F is a free group (as a valuated group) and tB is torsion. Since tB is 
finite, and (tB)D h as no elements of infinite p-value, we can embed tB in the 
finite group TtB. Then A C F @ TtB is the desired embedding. 
Let 9 denote the full subcategory of Y whose objects satisfy the conditions of 
Theorem 30. It is usually convenient to think of the objects of F as valuated 
subgroups of finitely generated groups. Any subgroup of a finitely generated 
group is nice since the quotient is free plus finite, hence any valuated subgroup of 
an object in 9 is nice. The objects of 5 are clearly closed under the taking of 
valuated subgroups. Moreover if A C B C C where C is a group and A and B 
are valuated subgroups, then B/A C C/A and C/A is a group, and the valuation 
on B/A induced by C/A is easily seen to be the same as the quotient valuation 
on B/A. Hence P is closed in Y under kernels and cokernels. Suppose 
A 3 B --t C is an element of Exty(C, A) with A and C in 9. Then it is easily 
seen that B satisfies the three conditions of Theorem 30, so B E 9. Thus 
Ex+(C, A) = Ext,(C, A) so 9 is a full exact preabelian subcategory of v 
with the same Ext. 
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THEOREM 31. The projectives of 9 are the jinite rank type zero aabated free 
groups, and there are enough. 
Proof. Since these objects are projective in V, by Theorem 28, they are 
certainly projective in $. If A ~9, then A is a valuated subgroup of some 
finitely generated group B. Let F be a finite rank free group mapping onto B, 
and let K be the valuated subgroup of F mapping onto A. Then, by the finite 
stacked bases theorem, K is a type zero valuated group which clearly maps 
nicely onto A, so there are enough projectives. By Theorems 27 and 28 the class 
of finite rank type zero valuated free groups is closed under summands, so they 
are precisely the projectives of 9. 
The injective situation in P is particularly pleasant. As in [14] we define the 
tih Ulm invariant of a p-local valuated group A to be the dimension of the 
vector space 
{x~A:wx~~andvpx>oi+l) 
{XE A : vx 3 01 + l} 
for 01 an ordinal. The coth Ulm invariant is the dimension of the space (X E A: 
~1% = co andpx = 0). The Ulm invariants of an arbitrary valuated group A are 
the Ulm invariants of the various localizations A, . Note that this definition 
agrees with the usual one when A is a group. Observe also that if A is a valuated 
subgroup of B, then the Ulm invariants of B are at least as great as the Ulm 
invariants of A; in fact the inclusion A C B induces an inclusion of the vector 
spaces defining these invariants. In 9 we have a refinement of the embedding 
Theorem 23. We can put any A E 9 in a group without increasing Ulm invariants 
or torsion-free rank (compare the “fine existence theorem” [18; Theorem 31). 
Since groups in 9 turn out to be the injectives, this construction yields the 
injective envelope of A. 
THEOREM 32. The injectives of 9 are the Jinitely generated groups. If A E 9, 
then A has an embedding in a finitely generated group AA with the same torsion-free 
rank and the same Urn invariants. This A* is unique up to isomorphism over A and 
is the injective envelope of A in 9. 
Proof. Let H be a finitely generated group. We must show that Ext(A, H) = 0 
for any A in g. But if H is embedded in some G in 9, then since G is embedded 
in some finitely generated group G”, we have H pure in G* and so His a sum- 
mand of G* and hence a summand of G. Thus finitely generated groups are 
injective in .9. 
Now suppose A ES. By Theorem 30 there is an n f 0 so that nA is a free 
valuated group. For all primes p outside a finite set S we have A, = (nA), is a 
free p-local group. We can choose n so that for each p E 5’ we have p [ n and 
(n/p)A is a free valuated group. 
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Consider the (stable) sequence n/l -+ A + iZ/nA. The Ulm invariants of 
A, are the same as those of (A/nA), except the latter has an additional mth 
invariant for each free generator of nA of p-value m + I. By [14; Theorem 121 
we can embed A/n/l in a finite group G with the same Ulm invariants as A/n/l. 
By Theorem 31 there are enough projectives in 9 and they are closed under the 
taking of valuated subgroups. Hence Ext(G, n/l) maps onto Ext(A/nA, n/l) so 
we have a diagram 
The Ulm invariants of &, are the same as those of G, except the latter has an 
additional mth invariant for each free generator of nA of p-value m + 1. Hence 
the Ulm invariants of L!! are the same as those of A. The torsion-free ranks of A 
and A are clearly the same. To show that A is a group it suffices to show that a, 
is a group for each p. If p $ S, then A, is a free p-local group. Supposep E S and 
x E A*, with Z’~X = j -+ 1. Since G is a group, we have x = pv -+ a with uill, y = j 
and a E nA, . Thus v,a > j + 1. But (n/p)A is a free valuated group, so a = pa’ 
where va’ ~3 j. Hence x == p( y + a’) with vP(y + a’) = j. Hence ZJ~ is the 
height function on d, whence a, and therefore A^ is a group. 
To show that A is the injective envelope of A, suppose A = C @ D with 
iz C C. Then the Ulm invariants and torsion-free rank of C are at least as great 
as those of A, and hence at least as great as those of A. But, since a is finitely 
generated, that can only happen if C = A^. 
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